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Abstract We consider a system of classical Heisenberg spins on a cubic lattice in dimen-
sions three or more, interacting via the dipole-dipole interaction. We prove that at low
enough temperature the system displays orientational long range order, as expected by spin
wave theory. The proof is based on reflection positivity methods. In particular, we demon-
strate a previously unproven conjecture on the dispersion relation of the spin waves, first
proposed by Frohlich and Spencer, which allows one to apply infrared bounds for estimat-
ing the long distance behavior of the spin-spin correlation functions.

Keywords O (n) spins - Dipole interactions - Reflection positivity - Infrared bounds - Long
range order

1 Introduction

Recent advances in film growth techniques, in the control of spin-spin interactions and in
the ability to characterize magnetic materials have revived interest in the low temperature
physics of magnetic systems. Both experimental and theoretical studies have revealed sev-
eral unusual properties of magnetic films, such as spontaneous formation of striped patterns,
reorientation transitions (in temperature and in the sample thickness), increase of the static
magnetization with increasing temperature, just to mention a few [7]. It is believed that an
essential role in determining the nature and morphology of the ordered state is played by the
dipolar interaction. Unfortunately, its long-range nature and its anisotropic character make
many standard theoretical methods and numerical algorithms inapplicable. It is therefore
not surprising that, for instance, existence of long range order in 2D continuous spin sys-
tems interacting via a pure dipole-dipole interaction at low temperatures is still a matter of
discussion, even at a heuristic level. In fact, the case of 2D lattice dipoles is a paradigmatic
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example of a system where the Mermin-Wagner theorem cannot be applied, spin-wave the-
ory does not provide any resolutive answer and numerical simulations are difficult because
of the slow relaxation dynamics associated with the long-range nature of the interaction.
New and more sophisticated methods, such as renormalized spin wave theory [5, 6] or block
spin reflection positivity [13], are required to deal with this class of systems.

At a rigorous level, even widely accepted results, such as the existence of long range
orientational order in three dimensional lattice dipole systems or the existence of the infinite
volume Gibbs state for any given domain shape are yet to be fully proved. Many funda-
mental contributions to the rigorous theory of lattice dipole systems (and more generally of
dipole gases on the lattice or in the continuum) date back to the 80’s. The use of several
different techniques, such as reflection positivity, correlation inequalities, cluster expansion,
renormalization group, allowed people to rigorously prove, e.g., no-screening theorems at
any activity and temperature [10, 15], analyticity of the pressure at small activities [1, 2,
4, 12], existence of a scaling limit (Gaussian free field) for lattice dipoles at small activi-
ties [14] and the existence of the thermodynamic limit in the continuum in three or more
dimensions [9], see [3] for a comprehensive review of these results. In a seminal paper,
Frohlich and Spencer [10], among several other results, proved existence of long range or-
der for a system of discrete lattice dipoles in two or more dimensions. They also described
a proof for the physically relevant case of continuous dipoles on the cubic lattice in three or
more dimensions. However, in the case of infinite-range interaction, they could not give a
complete proof, and their argument was based on an unproven conjecture on the dispersion
relation of the spin waves. In this paper we will give a complete proof of long range order
for classical dipoles on a cubic lattice in three or more dimensions, proving in particular the
aforementioned Frohlich-Spencer conjecture. The proof is based on reflection positivity and
it extends ideas proposed in [10].

2 Main Results

Let A be a periodic box in Z¢, viewed as the restriction of a periodic box in R to Z¢. We
assume that A is of side 2L, with L even, and we write: A =[—L+1, ..., L]?. We consider
the following Hamiltonian:

d
Hy=Y" Y SiWi;(x—y)S] 2.1)
i,j=1x,yeA
where S‘x is a unit vector and {S};—; ., are its components. Moreover, denoting the Yukawa
potential by
Y. ) / dk__e™ 22)
X) = _— .
¢ rd 2m)4 K2 4 €2
the interaction matrix W (X) is defined as:
Wij(x) =Y (=89;)Y,, (x+2nL), x#0 (2.3)

nezZd

and W;;(0)=)", ¢0(—8i 0;,)Y;, (2nL). The parameter £, is an infrared regulator that is sent
to zero in the thermodynamic limit, i.e., limja |- €4 = 0.
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For any fixed A and B > 0, let us denote by (-)g o the Gibbs expectation given by the

probability measure ZglA [Lyend ,u(S’x)e‘ﬁHA , with d ,u(S’) the uniform measure on the unit

sphere and Zg » the obvious normalization factor. For any x € A, given the unit vector Sy,
we define:

oy = (=¥ 8], 24)

def

where (—1)¥=(—1)"17""%_ and we denote by oy the unit vector with components a;'. Our
main result is the following.

Theorem 1 (Existence of orientational Long Range Order) If d > 3, there exists B4 > 0
such that, if B > By, in the thermodynamic limit,

li 1 Y Gy Gy)pa = ca(B) >0 25
A TAT Ox - Oy)p.a = Ca(B) >0, 5)
X, yeA
with ¢4 (B) a suitable positive function, vanishing at 8 = B,.

Using the methods of [9], it can be proved that the state (-)g o admits a thermodynamic
limit, which we will denote by (-)g. The theorem above implies that, for 8 > 4, the infinite
volume Gibbs state (-)g is not an extremal Gibbs state. From the assumed symmetry of
(-)p,a under exchanges of the coordinate axes, and by the general theory of decomposition
into extremal states, it follows that (-) g is a mixture of at least 2d extremal Gibbs states (pure

phases), (~);3M, which break rotational invariance and are characterized by

(S0’ = (=D¥f, (2.6)

where {U, : A =1,...,2d,...} are vectors obtained from some vector 7y € R? by apply-
ing arbitrary rotations around the origin which leave the unit cube centered at the origin
invariant.

The rest of the paper will be devoted to the proof of Theorem 1. As mentioned in the
introduction, we will follow the same strategy proposed by Frohlich and Spencer in [10]
and we will extend their reflection positivity method to prove, in particular, their Conjec-
ture 7.9 [10]. In order to present a self-contained proof, we shall reproduce below some of
the statements already proved in [10], including a construction of the ground states of (2.1).

3 Proof of Theorem 1
3.1 Reflection Positivity

Let us recall the notion of reflection positivity, adapted to the present case. If S is a unit
vector, define

(R;S)! = (—1)!=%ii i, (3.1

Let 7; be a pair of planes perpendicular to the i-th direction, midway in between two lattice
planes and bisecting A into two pieces A and A _ of equal size. Let r; denote reflection of
sites with respect to 7;. Clearly r; A_ = A. We define

(0:5)x = R; S (32)
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Let Sy = {S‘x}xe,\i. If A is a function of S, we set

6:4)(S-) = A({6:5)Ixen)- (3.3)

We shall say that the expectation (-)g 4 is reflection positive (RP) iff, for an arbitrary function
Aof Sy

(0;A(S-)A(S))pa =0 (3.4)

fori =1,...,d. As discussed in [8] and in [10], a sufficient condition for (3.4) to hold is
the following. Let g : RY — R? be an arbitrary R? valued function of R?. Assume that

d
=2 o P OEH W (=8D,)Ye, (x =) = 0 (35)

I,m=1"% y; <0

for all p(x) and i = 1,...,d (note that the only A-dependence in (3.5) is in the cutoff
parameter €, ). Then (-) o is RP.

In our context the proof of (3.5) proceeds as follows. For definiteness, let us assume that
i = 1. Let x; > 0 and let us rewrite

v ( ) / dk ezkx
X) = —_—
o Rt (2)4 K2 4 €2

B 1 / dk
22m)a-1 Jpa-1 /ki'i"g%\

where in the last expression k; = (ka, ..., k;) and similarly for x, . If x; > y,, given any
two functions p;(X), 02(X):

eikL‘XLe*‘Xl‘«/kiJrE%\ (36)

d
D PP (¥ Ve, (X —Y)

l,m=1

dk, KL KLY 1) o= (1=yD/ K3 +e3
2
1

1
©2Qm)d-! /Rdfl m
x (p%(x)\/ki +ex — ikm%(x)) (pé WYKL+ — ikmé(y)) 3.7)

where 01 = (p?, ..., p¢) and @5 = (03, ..., p$).
Using this expression we find that, if i = 1, (3.5) can be rewritten as

L KL L=y 1) o= (1ty/ K2 +e3

1 dk
0T / dx/ dy/ —_—
( 7T) x1>0 y1>0 Rd-1 /ki +83\

x (p‘(x> Kl +e3 —ikm%@) <p‘(y> Kl +e3 +ikmi<y>) 3.8)

that is clearly non-negative. Let us remark that condition (3.5) is equivalent to the statement
that Hy = H(S—, S4) can be rewritten in the following form [8]:
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HA(S-,84) = H(Sy) + 6 H (5-) —fdp(Q)Gqu(&)Cq(&), (3.9)

for a suitable positive measure dp. In our case,

d
Ho(S)=Y > SiW;x-ysj. (3.10)
i,j=1xX,yeA+

Moreover, ifi =1land A, =[1,..., L] x[-L+1,..., L4, q is a (d — 1)-dimensional
vector and, defining S+ = (52, ..., §9),

Cq(S) =) [S,!,/q2 +e% —iq- Sf]eiq"‘ie’x‘ Ve,

XEA_
d (q) dq efx/m
o(q) = .
2Q2m)d=t [0 2
q°+ey

If i > 1 and/or A is different from [1, ..., L] x [=L+1,..., L]*"', analogous expressions
for Cq and dp(q) will be valid.

(3.11)

3.2 Ground States

Let us now show how reflection positivity allows us to construct the ground states of (2.1).
The key remark is that the positive measure dp(q) in (3.9) induces the definition of a scalar
product between spin configurations in A . In particular, combining the Cauchy-Schwarz
inequality and the inequality of arithmetic and geometric means, we find that

[ vwiicisicys

. 1/2 . 1/2
< [ / dp(q)eicqwisucq(sn} [ / dp(q)e,-cq(s_>cq(eis_)}
1 S — 1 -
< E/dp(q)@cq(@f&)Cq(&) + E/dp(Q)QiCq(S_)Cq(OiS_)- (3.12)
If we insert this estimate in (3.9), we find that
1 1
HA(S-,S81) > EHA(9i8+7 S+ EHA(S—a 6;S-), (3.13)

that is, either {6;S;, St} or {S_,6;5_} has lower energy than {S_,S,}. If we keep re-
flecting in different planes, using the chessboard estimate (see Theorem 4.1 in [8]), we
find that the energy H,(S) of a generic configuration of spins S = {3',(},(6 A is bounded
below by |A|™! ZXO cn HA(Sx,), where the spin at x in the configuration Sy, is given by
(=DX(—1)* S,’;O, i=1,...,d. We now show that H, (Sy,) is independent of S’xo. Note that
this is not apriori obvious, since the Hamiltonian is not invariant under global rotations. Let
S’XO = (sinf cos ¢, sin6 sin @, cos ). Then
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1064 A. Giuliani

Hy(Sy) =— Y (=D Z( 1% (8] 207 Ve, (X — Y)
yexleé\\x
d
+ Y (=DY(=1) 8L ] 80, Ye, (x—y) - (3.14)
i#j=1

In (3.8) the summations over x and x — y factor, both for the term in the first line and for the
one in the second line. In particular the term in the second line is zero after summation. So
we are left with

HaSx) = eolAl. o=y (=DM (=3})Y,, (%) (3.15)

x#0

where we used that ), (S’ )2 =1 and the rotation symmetry of Y, (X).
3.3 Infrared Bounds

In this section we will extend the ideas used above to construct the ground states, and we will
derive upper bounds on the Fourier transform of (0 - 6y) g, (also known as infrared bounds
[11]). This will conclude the proof of Theorem 1. The main ingredients that we will need
are Gaussian domination [11] and a refinement of the estimates on the dispersion relation
of the spin waves, including a proof of Conjecture 7.9 in [10].

As a first step we map the spin system in (2.1) onto a ferromagnetic spin system via the
mapping Sy <> Gy defined by (2.4). In terms of the s, the Hamiltonian can be rewritten as

d
Hy=>" %" oiW(x.y)o] (3.16)
i,j=1x,yeA

with W/ (x,y) = (=D)*¥(=1)**T W;;(x — y). Note that W’'(x, y) is not translation invari-
ant. The discussion above shows that the ground states of H are spin configurations with
spins all pointing in the same direction in space. Moreover H), is reflection positive with
respect to the ferromagnetic reflection (8,6 )x = o,,x. We rewrite H}, in the form

d
- _% 33 0 — oW x (e — o)) + Z Y ool > Wixy). (3.17)
y

i,j=1x,yeA i,j=1xeA

Note that Zy W, (x,y) = eolL, so that

1 & S S
=—3 D> (ol — oW (x. ) (0] — o)) +eol Al. (3.18)

i,j=1x,yeA

Let us now define:

KﬁA(h)_<exp{ Z Z(a —U h’ + i )W (x, y)(a —O‘] h/+h1)]>

i,j=1x,yeA 0,A
3.19)
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for EX, x € A, real vectors. The chessboard estimate (see Theorem 4.1 in [8]) shows that
Kg A (h) < Kp A (0) (Gaussian domination). This implies K,; A()Lh)lk —o <0, that is

2\ 7
ﬁ< >
B.A
d
=3 D G = B W (%, Y (] — ) (3.20)

i,j=1x,yeA

darz

d
D0 (= h)Wi(x, y) (o] — o))

i,j=1x,yeA

where ()} 4 is the average with statistical weight Z;i\e‘/j M) . Note that (3.20) holds apriori

for real Ay, but it extends to complex vectors [8]. In terms of the original spins, (3.20) reads

d 2
2ﬂ< DD MWy k=S —eo ) hx- 5 >
B.A

i,j=1x,yeA XeA
d
<D0 Y B Wix—yh] —eo Y Iyl (3.21)
i,j=1x,yeA XEA

for some new vectors Ay (that we are denoting by the same symbol for simplicity). Let p €
Dy = {;—’L’m, 0<mi,my,m3 <2L} and let W;;(p) = erA eiPxVI/,«j (x) denote the Fourier
transform of W (x). We shall also define

P |A|1/2 Z szSi, 0ij(p) = (S;;Sl{>ﬂ.A~ (3.22)
XeA

Given p such that WO(p) = W(p) — ep > 0 as a matrix and choosing /iy = |A|~/2e=P*5
in (3.21), we get:

0=W@omW' e =< 5 L), (3.23)
in the sense of an inequality between non-negative matrices. If, moreover, Wwo (p) > 0, then
0<0( = ﬁWO(p)‘ (3.24)

Equations (3.23)—(3.24) are the key bounds. In order to make use of them, we need to study
some properties of Wo(p) in particular we need to: (i) show that WO > 0; (i1) determine the
set S of momenta where W?° (p) has a vanishing eigenvalue; (iii) determine the behavior of
its eigenvalues close to the zeros. Property (i) was proved in [10] (we shall reproduce the
proof below). Moreover, in [10] it was conjectured (see Conjecture 7.9 in [10]) that, if p,
is the vector with components (p;)’ = (1 — & ;), then S={p®¥ : £ =1,...,d} and the
eigenvalue A,(p) vanishing at py, satisfies A¢(p) > c|p — p¢|* close to py, for some ¢ > 0.
Our next goal will be to prove this conjecture.

Let us start with showing that Wwo (p) = 0, for all p’s. This is equivalent to the claim that,
for any ¥ € RY and for hy = €'P7,

d
D D ) Wix—y)hi =0, (3.25)

i,j=1x,yeA
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By the chessboard estimate, the left hand side of (3.25) is bounded below by |A|™! x
Zxoe A(Ha(Hy,) — eol AllD [?), where the spin at x in the configuration Hy, is given by
(=DX(=D)%hi ,i=1,...,d. Now note that Hp(Hy,) = eo| A||V|?, so the proof of (3.25)

Xp’
is concluded. Note that if p € S then Wwo (p) = 0. We now want to get a more refined bound
from below on W°(p). In order to do this, we use the assumption that L is even (so that the
side of A is divisible by 4) and we repeatedly reflect the left hand side of (3.25) in planes m;
bisecting the horizontal bonds of the form {(2m — 1, x), (2m, x, )}. Finally we repeatedly

reflect in all possible planes 75, ..., ;. The result is a bound from below of the form:
d
o W°(p)v/>7 Z D W) Wi (x — yuj — el ), (3.26)
i,j=1 | |lj I1x,yeA
with

i 2L
M’IK —ein f1(X1)(_1)X+X1U1’

(3.27)
=€l TRV fo ey, 0> 1
where:
1 if x = 4k,
1 i x=4k41, o
@O =11 i r—akio  NO=ha-D (328)
—1 ifx=4k+3,

and k € Z. Given a lattice function g(x) of a single variable with period 4, we shall write
g ={g(0),g(1), g(2), g(3)}. Note that with this convention fy = {1,1, —1,—1} and f; =
{—=1,1,1,—1}.

‘We now turn to the computation of the r.h.s. of (3.26). First of all, note that Zx’yg Al x

Wij(x — y)u§ =0 if i # j. This is because the double summation can be rewritten in the
form D", ZyEZ"\x F;j(x,x —y), for some function F;;(x,x —y) that is odd in (x; — y»)
and/or in (x3 — y3), ..., (x4 — y4), depending on the specific matrix element. Let us consider
D yen (u)* W1 (X — y)uy. This double summation is equal to

v% Z Z el ZL(fiep-fA01) (— 1)X—Y+(x1 —yl)(_a%)YEA x—y). (3.29)

X€EA yezd\x

A computation shows that f1(x) — fi(y) = fi(x)[1 — go(x — )] + fo(x)g1(x — y), with
go=1{1,0,—1,0} and g, (x) = go(x — 1). Then we can rewrite (3.29) as

Z Z e F{nGnli—goter—yD+foxgr (x1— \1)}( H* y+(x; (= 3) L(X—Y). (3.30)

XEA yezd\x

Performing the summation over x yields

SHIN §c0s<%(1 - go<x1>)> cos(%gl (m))(—l)"“l (—))Y,, (%)

= vi[A| |:€0 —sin’ % ;(1 — g (=¥ (=D Y, (X)]. (3.31)
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The conclusion is
1
[A]

D ) W (x — yuy = asin’ %v% (3.32)

X,yEA

where @ =} o (1 — go(x1))(—=1)*™ d7Y., (x). We will show in Appendix that o > 0. Let
us now consider Zx,ye A (ui)*Wgz x— y)u%. This double summation is equal to

—iZL Xx1)— 3 xX3—Yy (g =y,
U%Z Z e L (f1(x1) f‘(””fo(xl)fo(yl)(—l)(3 y3)+t+(xg M)(—azz)YsA(X—Y)- (3.33)

X€EA ye7zd\x

Using that fi(x) fi(y) = go(x — y) + (=D*gi1(x — y) and fo(x) fo(y) = go(x — y) —
(—=1)*g1(x — y), we can rewrite this as:

U%Z Z e*f%{fl(Xl)llfgo(xl*)’1)J+f0(xl)g1(leyl)}

X€A yezd\x
x [go(x1 = y1) = (=1)" g1 (x) — y) (=)W VT HEDD(—phyY, (x —y).
(3.34)
Performing summation over x yields
ALY [goocl)cos(%(l - go<x1>)) COS(%&(M))
x#0
- gl(xl)sin<%(l - go(m)) sin(%gl(m)}(—DX”“*M(—B%)YM x).
(3.35)
This can be rewritten as
v3IA| [eo —cos” B Y (1= go(r) (=D (=D, (x)]. (3.36)
x#0
The conclusion is
1
i 3 W Wh(x - yul = y cos’ %ug (3.37)

X, yEA

where y = Zxﬂ(l — go(x]))(—l)"“ZazzYeA (x). We will show in Appendix that y > 0.
Finally (3.37) is valid even if in the L.h.s we exchange the index 2 with j > 3. Substituting
all this into (3.26) yields:

asin® 2 0 0 0
A 0 ycos® &L 0 0
Wo(p) = (3.38)
0 0 0
0 0 0 ycos®Z
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By interchanging the roles of py, ..., p; we finally get

N 1 . i
Wom) = M), M) = 6, (a sin? % +7Y cos’ %) (3.39)
I£i

This bound proves Conjecture 7.9 in [10].

Now, the proof of existence of long range order, given the bounds (3.24) and (3.39), is
standard. We reproduce it here, for completeness. Given £ € {1, ..., d}, we note that, by the
rotation symmetry of (-)g 4,

Apa 1
] 285 =0 (3.40)
P
Therefore,
1 ol ol 1 1
— (88,8 == — =Y Qu(D). (3.41)
Al d 1Al P#P¢

Let us now consider the sum in the r.h.s. Note that, for any p ¢ S, we can use (3.24) and
(3.39) to conclude that

d . 2 Pe 2 Pj B
Qup) < 5 <a sin” -4y Y cos® ) (3.42)
28 2 7T

On the other hand, for p = p,,, m # £, we can note that WS (Pm) = 6ij(1 — 8im)(er — eo),
with e; = Z:Wﬁo(—1)"+"2(—812)Y,V_~A (x) and ¢y defined in (3.15). Using (3.39), we see that
e; — ey > (a + y)/d. Therefore, if v/ = 8;,/(e; — eg), we can use (3.23) to get

oA - , 1 1 d
> W@ 0@ W )] v = 0utpu) < (3.43)

- <
i _2/361—80_2/3(X+)/

and we conclude that (3.42) is valid for p = p,,, m # £, as well. Substituting (3.42) we get

1 (S¢8° Yon> ! d » ! (3.44)
peo-pe/ BN = 5T ) Py - :
|A] PR d  2BIA| S asin’ B4y Y, cost B

If we note that

(Sp,SEp)n = 77 D (0503 (3.45)

and take the thermodynamic limit in (3.44) we finally get (2.5), with

B)=1- 2 I 1 (3.46)
C, =1—— —. .
a4 28 Ji_nme Q) asin® Bty Xz co8? %’
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Appendix: The Constants « and y are Positive

In this Appendix we show that the constants « and y in (3.39), defined right af-
ter (3.32) and (3.37) respectively, are positive. Let us first consider « = ) 7&0(1 —
go(x))(=1)¥+t1 32 A (X). Note that 1 — go(x;) is a non-negative even function of x;, van-
ishing at x; = 0. Usmg (3.6) we can rewrite

1 )
(2 )d 1 2 : (l—go(x|))/dkL k _I_giez[kJ_Jrﬂl]Jq_e*){n/kf_ﬂ?}\7 (A1)
T
XLKEIZ;) 1

where 71 is the (d — 1)-dimensional vector with components all equal to 7. The summa-
tion over x; can be explicitly computed and produces a (d — 1)-dimensional delta function
Q)Y ezi-1 8k + 7 (2m + 1)). So we find

=Y Y (I—gox))/m2(2m+1) + 2 NTemIDIL S g (A7)

x1>0mezd

and the proof that & > 0 is concluded.

Similarly, let us consider y = Z#O(l — go(x1))(=1)**292Y,, (x). Note that (—1)*1 (1 —
go(x1)) is an even function of x;, vanishing at x; = 0 with alternating signs. Using (3.6) we
can rewrite y as equal to

k2 lkzxze—xn/ +8A 1_[ i(kj +n)x]

- 1)“+‘<1—go<x1>>/
(277)‘11 XIZ; 1/kzi-l-eA jz3

XLEZd 1
(A.3)
Performing the summation over x; and using that go = {1, 0, —1, 0}, we find

An’m? cosh\/n2(2m+1—él)2+sf\ -1

Y= (A4)

mezi J72@m+1-2)2 4} sinh2,/n2Qm+1- ) + ]

where ¢; = (1,0, ..., 0). The proof that y > 0 is concluded.

References

1. Benfatto, G., Gallavotti, G., Nicold, F.: The dipole phase in the two-dimensional hierarchical Coulomb
gas: analyticity and correlations decay. Commun. Math. Phys. 106, 277-288 (1986)

2. Benfatto, G., Gallavotti, G., Nicold, F.: On the analyticity of the pressure in the hierarchical dipole gas.
J. Stat. Phys. 55, 739-744 (1989)

3. Brydges, D.C., Martin, A.Ph.: Coulomb systems at low density: a review. J. Stat. Phys. 96, 1163-1330
(1999)

4. Brydges, D.C., Yau, H.: Grad ¢ perturbations of massless Gaussian fields. Commun. Math. Phys. 129,
351-392 (1990)

5. Carbognani, A., Rastelli, E., Regina, S., Tassi, A.: Dipolar interaction and long-range order in the square
planar rotator model. Phys. Rev. B 62, 1015 (2000)

6. De’Bell, K., Maclsaac, A.B., Booth, I.N., Whitehead, J.P.: Dipolar-induced planar anisotropy in ultrathin
magnetic films. Phys. Rev. B 55, 15108 (1997)

7. De’Bell, K., Maclsaac, A.B., Whitehead, J.P.: Dipolar effects in magnetic thin films and quasi-two-
dimensional systems. Rev. Mod. Phys. 72, 225 (2000)

@ Springer



1070 A. Giuliani

10.

11.

14.

15.

. Frohlich, J., Israel, R., Lieb, E.H., Simon, B.: Phase transitions and reflection positivity. I. General theory

and long range lattice models. Commun. Math. Phys. 62, 1 (1978)

. Frohlich, J., Park, Y.M.: Correlation inequalities and the thermodynamic limit for classical and quantum

continuous systems. Commun. Math. Phys. 59, 235-266 (1978)

Frohlich, J., Spencer, T.: On the statistical mechanics of classical Coulomb and dipole gases. J. Stat.
Phys. 24, 617-701 (1981)

Frohlich, J., Simon, B., Spencer, T.: Infrared bounds, phase transitions and continuous symmetry break-
ing. Commun. Math. Phys. 50, 79-95 (1976)

. Gawedski, K., Kupiainen, A.: Block spin renormalization group for dipole gas and (V¢>)4. Ann. Phys.

(NY) 147, 198-243 (1983)

. Giuliani, A., Lebowitz, J.L., Lieb, E.H.: Striped phases in two dimensional dipole systems. Phys. Rev. B

76, 184426 (2007)

Naddaf, A., Spencer, T.: On homogenization and scaling limit of some gradient perturbations of a mass-
less free field. Commun. Math. Phys. 183, 55-84 (1997)

Park, Y.M.: Lack of screening in the continuous dipole system. Commun. Math. Phys. 70, 161-167
(1979)

@ Springer



	Long Range Order for Lattice Dipoles
	Abstract
	Introduction
	Main Results
	Proof of Theorem 1
	Reflection Positivity
	Ground States
	Infrared Bounds

	Acknowledgements
	Appendix: The Constants alpha and gamma are Positive
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


